In Phys. Rev. A 70, 032104 (2004), M. Montesinos and G.F. Torres del Castillo consider various symplectic structures on the classical phase space of the two-dimensional isotropic harmonic oscillator. Using Dirac's quantization condition, the authors investigate how these alternate symplectic forms affect the quantization of the harmonic oscillator. They claim that these symplectic structures result in mutually inequivalent quantum theories. In fact, we show here that an alternate choice of symplectic form requires an alternate complex structure. As a result, each symplectic form yields a different representation of the CCR algebra, complete with a vacuum vector unique to that representation. By virtue of the Stone-von Neumann uniqueness theorem, these representations are unitarily equivalent. We show the operators which implement this equivalence. In Ref.
In Ref. [1] , the authors study the effect that alternate symplectic structures has on the quantization of a twodimensional harmonic oscillator. Their motivation stems from the fact that a symplectic structure on the phase space of a linear system is typically chosen in terms of the canonical coordinates of the system. For some systems, the normal modes or canonical coordinates may not be known so that the standard choice of symplectic form cannot be made; however, the quantization prescription should be independent of a particular coordinate system. This is the case. For completeness sake, we make note of a coordinate independent approach to the quantization of linear systems found in Ref. [2] . In this method, one need only know the energy and time evolution of the classical system; no explicit symplectic form is needed.
We will review the Dirac quantization condition using the standard symplectic structure. We will pay particular attention to the complex structure compatible with this symplectic form as it is needed to convert the (real) phase space into a complex space. It is this complex structure which selects, to a degree, the particular representation of the canonical commutation relation (CCR) algebra. We will explore how alternate symplectic structures result in alternate complex structures and, thus, alternate representations of the algebra. Despite the fact that each symplectic structure results in a different representation, the representations are guaranteed to be unitarily equivalent in light of the Stone-von Neumann uniqueness theorem. As a result, each representation will yield the same expectation value for a given observable provided one acts upon the proper vacuum vector for that representation.
The phase space of a classical system is real and even dimensional V = R 2n . We can define a non-degenerate symplectic form s(·, ·) on V . Additionally, for linear systems such as the harmonic oscillator, the time evolution for elements in phase space is determined by dv dt = Ωv (1) with v ∈ V . Identifying vectors as v = (x, p), the isotropic harmonic oscillator has
for mass m and angular frequency ω. To relate these classical elements of phase v to their quantum counterparts Q(v), Dirac suggested that the quantized operators should satisfy the commutation relation
In discussing the irreducible representations of the CCR algebra, it is often useful to express the algebra in the Weyl formulation so that one may deal with bounded operators. A discussion on how to achieve irreducible representations can be found in Mackey's work on induced projective representations [3] . We shall not need to explore this in such extensive detail. Instead, we need only focus on identifying the vacuum vector for a given representation. A concise exposition of this topic can be found in Ref. [4] , for instance. In particular, we note that the quantum theory is built upon a complex Hilbert space which is got from the real symplectic space V . In order to do this, one must find a positive complex structure J on V which is compatible with the symplectic form. Additionally, so that the time translations can be implemented by a unitary operator on the complex Hilbert space, the complex structure must commute with the generator of time translations Ω on V . In total, we require
The important point to recall is that the complex structure helps to label the particular representation π J of the CCR, for it is elements of the form π J (v + iJv) which annihilate the vacuum. Clearly, a change in the complex structure results in a different representation and vacuum vector.
To demonstrate, we begin with the standard formulation expressed in terms of the canonical coordinates. For vectors v = (x, p), the usual choice for the symplectic form is
To determine the associated complex structure, we begin with the requirement in Eq. (7); an operator which commutes with the generator of time translation has the block form
An operator with this form, which also satisfies Eqs. (4)-(6), yields a complex structure
With this standard symplectic structure, the annihilators take the familiar form as
In the coordinate representation, the annihilators become
these operators will annihilate the unique (up to a multiplicative factor) vacuum vector
The work in Ref. [1] quantized the same classical system using alternate symplectic structures. Choosing an alternate symplectic structure implicitly requires an alternate complex structure. We shall examine this here. Given a non-degenerate symplectic structure s(·, ·) and an invertible linear transformation g on V , we can construct another non-degenerate symplectic structure by setting s g (v, w) = s(gv, gw). If J is a positive complex structure compatible with s(·, ·), then K = g −1 Jg is a positive complex structure compatible with s g (·, ·). It is trivial to show that Eqs. (4)-(6) hold for K and s g (·, ·). In order for our new complex structure to satisfy the commutation relation in Eq. (7), further restrictions upon g are required.
The essential point is that an alternate symplectic form requires an alternate complex structure. Upon quantization, one has an alternate representation of the oscillator in which the Fock space is built from a different vacuum vector; however, as the system is finite dimensional, the theorem of Stone and von Neumann tells us that the two representations are unitarily equivalent. There exists a unitary, implementable map U g from the alternate representation space to the standard one with the following action
Annihilators map to annihilators
and the vacuum vector in the alternate representation is got by
A consequence of the unitary equivalence is that the physical content of the theory does not depend on the particular representation chosen, and thus the physics is independent of the choice of symplectic structure.
We shall now explicitly consider the three alternate symplectic structures discussed in Ref. [1] , in order to show that indeed these alternate structures can be got from the standard symplectic form via the procedure outlined above. For the two-dimensional oscillator, we will identify vectors in phase space by v = (x, y, p x , p y ). The standard symplectic form and associated complex structure are found in Eqs. (8) and (10). The first alternate structure considered is
In block form, the complex structure satisfying Eqs. (4)- (7) is
where for shorthand we define the 2 × 2 matrix
The following orthogonal transformation relates this new symplectic form to the standard one,
This transformation satisfies , g 1 w) .
The second alternate symplectic structure considered is
The associated complex structure is
This transformation satisfies , g 2 w) .
The final alternate symplectic structure considered is
The complex structure associated with this form is
A transformation relating J 3 to J 0 is
so that , g 3 w) .
In conclusion, M. Montesinos and G.F. Torres del Castillo undertook the task of exploring the effect of alternate symplectic structures upon the quantization of a classical system [1] . Their work is important as one often takes for granted knowledge of the canonical coordinates; however, their conclusion that alternate symplectic structures lead to inequivalent quantum theories is incorrect. We demonstrated here how alternate symplectic structures lead to alternate complex structures. In turn, this results in different representations of the CCR with different vacuum vectors. Such representations are unitarily equivalent to the standard one, and we showed how this equivalence is implemented. As a result, the physical content of the theory, including Heisenberg's uncertainty principle, cannot be altered by the choice of representation and, thus, symplectic structure.
